Abstract. Given a complex submanifold M of the projective space P(T ), the hyperplane system R on M characterizes the projective embedding of M into P(T ) in the following sense: for any two nondegenerate complex submanifolds M ⊂ P(T ) and M ′ ⊂ P(T ′ ), there is a projective linear transformation that sends an open subset of M onto an open subset of M ′ if and only if (M, R) is locally equivalent to (M ′ , R ′ ). Se-ashi developed a theory for the differential invariants of these types of systems of linear differential equations. In particular, the theory applies to systems of linear differential equations that have symbols equivalent to the hyperplane systems on nondegenerate equivariant embeddings of compact Hermitian symmetric spaces. In this paper, we extend this result to hyperplane systems on nondegenerate equivariant embeddings of homogeneous spaces of the first kind.
Introduction
Let L/L ′ ⊂ P(T ) be a nondegenerate equivariant embedding of homogeneous space L/L ′ , where L is a connected complex Lie group and L ′ is a closed subgroup of L. We say that L/L ′ ⊂ P(T ) is Griffiths-Harris rigid if the fundamental forms of L/L ′ ⊂ P(T ) determine embedding L/L ′ ⊂ P(T ) in the following sense: Let M ⊂ P(T ) be a (not necessarily closed) complex sub-manifold. If the fundamental forms of M at the general points of M are isomorphic to the fundamental forms of L/L ′ at the base point, then M is projectively equivalent to an open subset of L/L ′ .
Theorem 1.1 (Landsberg [4, 5] Hwang-Yamaguchi [3] ). Suppose L/L ′ ⊂ P(T ) is a nondegenerate equivariant embedding of a compact Hermitian symmetric space L/L ′ , which contains neither P n , for n ≥ 1, nor Q n , for n ≥ 2 as an irreducible factor. Then L/L ′ ⊂ P(T ) is Griffiths-Harris rigid.
A rational homogeneous variety L/L ′ ⊂ P(T ) that is not a compact Hermitian symmetric space, has nonzero differential invariants in addition to its fundamental forms (Theorem 4.1 in [6] ). Therefore, we cannot expect that they are Griffiths-Harris rigid. In order to obtain similar rigidity results, we must consider additional differential invariants.
We say that L/L ′ ⊂ P(T ) is Fubini-Griffiths-Harris rigid if the Fubini forms of L/L ′ ⊂ P(T ) determine embedding L/L ′ ⊂ P(T ) as follows. Let M ⊂ P(T ) be a (not necessarily closed) complex sub-manifold. Assume there exists a subbundle F M of the bundle F M of first-order adapted frames of M , defined over the general points of M , on which the coefficients of the k-th Fubini forms of M agree with the coefficients of the k-th Fubini forms of L/L ′ for all k. Then M is projectively equivalent to an open subset of L/L ′ . [8, 9] ). Let L/L ′ ⊂ P(T ) be a nondegenerate equivariant embedding of a rational homogeneous variety L/L ′ that contains neither P n , for n ≥ 1, nor Q n , for n ≥ 2 as an irreducible factor. Then L/L ′ ⊂ P(T ) is Funibi-Griffiths-Harris rigid.
Theorem 1.2 (Landsberg-Robles
Landsberg applied the moving frame method in order to prove Theorem 1.1 for the case in which L/L ′ has rank 2. For the proof of Theorem 1.1, HwangYamaguchi used Se-ashi theory of differential invariants of linear differential equations, which reduced the problem to a vanishing of the Lie algebra cohomology H 1 (l −1 , l ⊥ ). Here, l ⊥ represents the orthogonal complement of l in sl(S) with respect to the Killing form of sl(S), and S is the dual representation space of T . The vanishing of H 1 (l −1 , l ⊥ ) follows from the Kostant theory of Lie algebra cohomology.
Subsequently, in [8] and [9] , Landsberg and Robles introduced a filtered exterior differential system in order to reduce the rigidity problem in Theorem 1.2 to the vanishing of H 1 (l − , l ⊥ ), where l ⊥ is the orthogonal complement of l in sl(T ) with respect to the Killing form of sl(T ). As in the proof of Theorem 1.1, they applied Kostant theory of Lie algebra cohomology in order to prove the vanishing of H 1 (l − , l ⊥ ). In this paper we generalize these rigidity results to homogeneous spaces of the first kind. A homogeneous space L/L ′ is said to be of the first kind if there is a grading on the Lie algebra l of L such that
is obtained in this way (For various examples and their embeddings see Section 2).
Let ρ : l → gl(S) be the dual representation of τ . Then ρ(l −1 ) ⊂ gl(S) −1 , where the grading on gl(S) is induced by the osculating filtration on T . Let g = k g k be the prolongation of ρ : l −1 → gl(S) −1 and let G (G ′ , respectively) be a subgroup of GL(S) with the Lie algebra g (g ′ = k≥0 g k , respectively). The representation of g −1 on the orthogonal complement g ⊥ of g in gl(S)
be a nondegenerate equivariant embedding of a homogeneous space of the first kind. Assume that (1) there is a positive definite Hermitian inner product ( , ) on C 1 (g ⊥ ) such that the kernel Ker ∂ * of the adjoint operator ∂ * of ∂ with respect
Then L/L ′ ⊂ P(T ) is Griffiths-Harris rigid.
In order to prove Theorem 1.3 we apply Se-ashi theory to the hyperplane system on complex manifold M ⊂ P(T ), as in the proof of Theorem 1.1. Seashi studied an integrable system of differential equations, one that has the same symbol as the hyperplane system on L/L
′ , and obtained a complete system of differential invariants on this kind of system of differential equations. We generalize this theory to integrable systems of differential equations that have the same symbols as the hyperplane system on nondegenerate equivariant embedding L/L ′ ⊂ P(T ) of homogeneous space L/L ′ of the first kind. As in the cases treated in Theorems 1.1 and 1.2, the rigidity of L/L ′ ⊂ P(T ) in Theorem 1.3 can be reduced to a vanishing of the Lie algebra cohomology. The difficulty is that there is no uniform way of computing it in our case. When L/L ′ is a compact Hermitian symmetric space, g is the direct sum of l and the center of GL(S) and we can apply Kostant theory of Lie algebra cohomology to compute H 1 (l − , l ⊥ ), which works only when l is semisimple. However, in general, g is not reductive and Kostant theory is not applicable. Therefore, to show the vanishing of H 1 (g −1 , g ⊥ ), we need to develop a new theory, which we will deal with in a forthcoming paper in preparation.
The rest of the paper is organized as follows. In Section 2, we explain horospherical homogeneous spaces and give examples of homogeneous spaces of the first kind in addition to compact Hermitian symmetric spaces, and in Section 3, we recall definitions and properties concerning fundamental forms. Section 4 reviews Se-ashi's theory of differential invariants on linear differential equations. In Section 5 we apply Se-ashi theory to homogenous space L/L ′ of the first kind, and show that the model system is isomorphic to the hyperplane system on L/L ′ (Proposition 5.5). A key lemma used to construct a complete system of invariants addresses the existence of a 'good' metric on the complex (C(g ⊥ ), ∂) defining Lie algebra cohomology
In Section 6, we construct a complete system of invariants under the assumption that there exists such a metric, and prove the rigidity of L/L ′ under the assumption that
2. Homogeneous spaces of the first kind
Rational homogeneous varieties
A semisimple graded Lie algebra over C is a semisimple Lie algebra l with gradation l = p∈Z l p such that
Then there exists a unique element E ∈ l 0 such that
We call E the characteristic element of the semisimple graded Lie algebra l = p∈Z l p . A nilpotent graded Lie algebra m = −µ p=−1 l p such that
is called a fundamental graded Lie algebra of µ-th kind.
To each semisimple graded Lie algebra l = p∈Z l p over C such that
, and L 0 is the automorphism group of the graded Lie algebra l = ⊕ p∈Z l p , that is, the subgroup of Aut(l) consisting of elements which preserve the gradation, and L ′ is the automorphism group of the filtered Lie algebra
A semisimple graded Lie algebra over C of the first kind, i.e., l = l −1 ⊕ l 0 ⊕ l 1 , corresponds to a compact Hermitian symmetric space.
Let τ :
We call L/L ′ ⊂ P(T ) a rational homogeneous variety.
Horospherical varieties
A smooth horospherical L-variety X of Picard number one is either homogeneous or one of the following ( [10] ):
) in the following way:
l 0 u C .
Smooth projective two-orbit varieties
Proposition 2.1 (Theorem 1 of [1] ). Let X be a smooth complete variety with an effective action of the connected linear non semi-simple group L. Suppose that X has two orbits under the action of L and that the closed orbit has codimension 1. Let L be a maximal semi-simple subgroup of L. Then there exist a parabolic subgroup L ′ of L and a L ′ -module V such that:
homogeneous space of the first kind if and only if L/L
′ is a compact Hermitian symmetric space.
In fact, if L/L ′ is a compact Hermitian symmetric space, then l = l −1 ⊕l 0 ⊕l 1 is a semisimple graded Lie algebra of the first kind. Let E be the characteristic element. Let u denote the Lie algebra of U . Then we have the eigenspace decomposition of u:
and the tangent space of L/ L ′ at the base point [L ′ ] can be identified with
Example. A smooth horospherical variety X of Picard number one in Section 2.
2 has an open orbit isomorphic to that of smooth two-orbit variety X in Proposition 2.1. In fact, the blow-up of X along the closed orbit L.[v j ] is one of the X in Proposition 2.1. Details of this can be found in [10] . Among them, the open orbits in (B 3 , ω 1 , ω 3 ) and (C n , ω n , ω n−1 ) are homogeneous spaces of the first kind.
Fundamental forms

Fundamental forms of M ⊂ P(T )
Let M ⊂ P(T ) be a complex manifold and let x ∈ M be a point. Assume T x M denotes the tangent space of M at x andT x M ⊂ T is the (affine) tangent space of the coneM in T at any p ∈ T with x = [p]. Then we have
More generally, the k-th fundamental form of M at x is a linear map
which can be obtained by differentiating the (k − 1)-th Gauss map
is the k-th normal space. These osculating spaces determine a flag of T :
which is called the osculating filtration. The fundamental forms describe the infinitesimal movement of M away from its (k−1)-th osculating spaceT
The osculating filtration induces a filtration of S := T * :
Moreover, if we set 1) to be (A ⊗ V * ) ∩ S d+1 V * . Then P ∈ A (1) if and only if for all v ∈ V , w → P (v, w, . . . , w) belongs to A.
Proof. (1) The statement follows from the fact that |FF
Let τ : L → GL(T ) be an irreducible representation of a complex Lie group L, and let [t 1 ] be a point in P(T ) with isotropy
Extend t 1 to a basis {t 1 , . . . , t r } of T and take the dual basis {s 1 , . . . , s r } of
for g ∈ L and s ∈ S and t ∈ T . Let W be the subspace of S spanned by
Proposition 3.2. With the notations above.
(1) There is an injective map ι from S into the space 
(T ). (3) follows from (1).
Suppose l is the Lie algebra of L. Let U (l) = l ⊗ /{ξ ⊗ ζ − ζ ⊗ ξ − [ξ, ζ]} denote the universal enveloping algebra of l and assume U (l) k signifies the k-th term in the filtration induced by the filtration from the tensor algebra. Then
Proposition 3.3 (Proposition 2.3 of [7] ). With the notations above.
(1) The k-th osculating spaceT
Recall that S can be thought of as graded vector space ⊕ p k=0 S k , where
Then, we can conclude the following.
x , and ρ(l − ) maps S k to S k−1 . (2) Given v ∈ T x = l − , we have a commutative diagram:
Proof. The twisted k-th fundamental map
). If we identify T x with l − , and
Proposition 3.5. Assume that there is a grading on l of depth one, i.e., l = l −1 ⊕ l 0 ⊕ l 1 and [l i , l j ] ⊂ l i+j for any i, j ∈ {−1, 0, 1}, such that l ′ = l 0 ⊕ l 1 . Then we have ρ(l i )(S k ) ⊂ S k+i for i ∈ {−1, 0, 1} and for k ∈ {0, . . . , p}.
Proof. By Proposition 3.3(1), T
(k) x = U (l) k .t 1 = S k l.t 1 + U (l) k−1 .t 1 . Since [l 0 , l −1 ] ⊂ l −1 and [l 1 , l −1 ] ⊂ l 0 , we have τ (l 0 )(U (l) k .t 1 ) ⊂ U (l) k .t 1 and τ (l 1 )(U (l) k .t 1 ) ⊂ U (l) k−1 .t 1 . Hence ρ(l 0 )(S k ) ⊂ S k and ρ(l 1 )(S k−1 ) = S k .
Linear differential equations
Symbols of systems of linear differential equations
Given a vector bundle E over a manifold M , we use J p (E) to denote the bundle of p-jets of E. We obtain an exact sequence
A subbundle R of J p (E) is called a system of linear differential equations of order p on E. A solution of R is a local section s of E satisfying j 
be two systems of linear differential equations of order n. A bundle isomorphism φ : E → E ′ is said to be an isomorphism of R onto R ′ if the induced bundle isomorphism J n (φ) :
Model systems of type S
Let V and W be two vector spaces and let S = p r=0 S r ⊂ p r=0 S r V * ⊗ W be a subspace with S 0 = W and S p = 0. We say that a linear differential equation (M, E, R) is of type S, if there exist linear isomorphisms z T : V ≃ T x and z E : W ≃ E x such that the induced isomorphism
x for every p and for every x ∈ M . Assume that (A1) The action of V leaves S invariant, (A2) The action of V on S is faithful. Define
Then a is the Lie algebra of infinitesimal bundle automorphisms of trivial bun-
Then g is the Lie lagebra of infinitesimal automorphisms of system R S = V × S ⊂ J p (E 0 ) of linear differential equations. Define gl(S) r = {X ∈ gl(S) : X(S k ) ⊂ S k+r for any k}.
Proposition 4.1 (Proposition 2.2.2 of [12]).
With the notations as above.
The group GL(V ) × GL(W ) acts on a by the adjoint action: (aX)(s) = (aXa −1 )(s) for s ∈ S. Define
Then the Lie algebra of
r=1 gl(S) r . Proposition 4.2 (Section 3.2 of [12] ). Consider an integrable system R of linear differential equations of finite type of order p of type S on E, let F (R) denote the frame bundle of R, and assumeω is the connection form on F (R) induced from the flat connection on R. Then there is a canonical reduction
Proposition 4.3 (Proposition 3.2.2 of [12]
). Let ω be the restriction to P (R) of the connection formω on F (R).
(
, where X * stands for the fundamental vector field corresponding to X.
Furthermore, (P (R), ω) characterizes the equivalence class of the system R as follows. Proposition 3.3.1 of [12] ). Let R and R ′ be integrable systems of type S. Let (P (R), ω) (resp., (P (R ′ ), ω ′ ) be the natural reduction of
Proposition 4.4 (
, there exists a unique isomorphism φ of R onto R ′ such that Φ = P (φ).
Hyperplane systems
Let M ⊂ P(T ) be a nondegenerate complex submanifold. Assume that E is the line bundle on M obtained by restricting the hyperplane line bundle O(1) of P(T ). Let Σ be the image of the restriction map ι :
. By the nondegeneracy of M , ι is injective. Thus
Let p > 0 be a positive integer such that an element of Σ that has a zero of order ≥ p at a point of M is identically zero. Define
We call R the hyperplane system on M . Given this construction, R is of finite type and integrable.
Proposition 5.1 (Section 4 of [6] ). If M ⊂ P(T ) is a nondegenerate complex submanifold and R is the hyperplane system on M , then the symbol σ r (R) of R equals |FF r |. [12] ). Let M = L/L ′ ⊂ P(T ) be a nondegenerate equivariant embedding of a compact Hermitian symmetric space. Let S be the symbol of the hyperplane system R on M . Then the hyperplane system (M, R) is isomorphic to the model system (G/G ′ , R S ) of type S.
Similarly, we obtain the following proposition. In general, it is not obvious that there is a G ′ reduction (Q(R), χ) of the frame bundle F (R) when R is an integrable system of linear differential equations of type S. To explain the conditions we need to get a G ′ -reduction of F (R), we introduce a chain complex associated to the graded Lie algebra g = g r ⊂ gl(S).
for c ∈ C p,q and v 0 , . . . , v q ∈ g −1 . Moreover, we define a bilinear form T r on gl(S) by T r(X, Y ) = Trace of the endomorphism XY of S, where X, Y ∈ gl(S). The bilinear form T r is Ad(G) invariant and nondegenerate. Let g ⊥ be the orthogonal complement of g in gl(S) with respect to T r.
is called the Lie algebra cohomology associated to the representation of g −1 on g ⊥ . Here, we remark that the representation of g −1 on g ⊥ is the restriction of the adjoint representation of
Let ( , ) be a positive definite Hermitian inner product on C. Let ∂ * denote the adjoint of ∂, i.e., (∂c, c ′ ) = (c, ∂c
If we set ∆ = ∂∂ * + ∂ * ∂ and
Thus, the Lie algebra cohomology space
to denote the projection. Given an integrable system R of differential equations of type S on a complex manifold M , let (P (R), ω) be the canonical G (0) reduction of the frame bundle (F (R),ω) (Proposition 4.2). Then ω is a gl(S)-valued 1-form on P (R). Proposition 6.2 (Proposition 5.1.1 of [12] ). Let (Q(R), χ) be a G ′ -reduction of (P (R), ω). Let χ g (respectively, χ g ⊥ ) be the g-component (g ⊥ -component, respectively) of χ with respect to the decomposition gl(S) = g ⊕ g ⊥ . Then
for u ∈ Q(R) and X ∈ l −1 . Then c is called the structure function on Q(R). A G ′ -reduction (Q(R), χ) is said to be normal if the function c is ∂ * -closed.
Proposition 6.3 (Theorem 5.1.2, Theorem 5.3.1 of [12] ). Assume that L/L ′ ⊂ P(T ) is a nondegenerate equivariant embedding of a homogeneous space of the first kind. Let S = r≥0 S r ⊂ S(V ) ⊗ W denote the symbol of the hyperplane system on L/L ′ ⊂ P(T ), with V = l −1 and W = S 0 and let (G/G ′ , R S ) be the model system of type S constructed in Section 4.2. Assume that there is a positive definite Hermitian inner product ( , ) on C(g ⊥ ) such that the kernel Ker ∂ * of the adjoint operator ∂ * of ∂ with respect to ( , ) is invariant under the action of G ′ . Then
(1) For any integrable system R of differential equations of type S, there exists a unique normal reduction (Q(R), χ) of (P (R), ω). (2) Let R and R ′ be integrable systems of type S. Then an isomorphism φ of R onto R ′ induces an isomorphism Q(φ) : (Q(R), χ) → (Q(R ′ ), χ ′ ). Conversely, given an isomorphism Φ : Q(R), χ) → (Q(R ′ ), χ ′ ), there exists a unique isomorphism φ of R onto R ′ such that Ψ = Q(φ). (3) If the structure function c vanishes identically, then R is locally isomorphic with the model system of type S. Furthermore, the harmonica part Hc of c provides a fundamental system of invariants of R, i.e., c vanishes if and only if Hc vanishes.
We remark that in Theorem 5.1.2 and Theorem 5.3.1 of [12] , one assumes that L/L ′ is a compact Hermitian symmetric space, while in Proposition 6.3 L/L ′ is a homogeneous space of the first kind. The same arguments in the proof of these Theorems work if we assume that there is a positive definite Hermitian inner product ( , ) on C(g ⊥ ) such that Ker ∂ * , which is the orthogonal complement of Im ∂ in C, is invariant under the action of G ′ . For details, see the proof of Theorem 5.1.2 and Theorem 5.3.1 of [12] .
Proof of Theorem 1.3. Let L/L ′ ⊂ P(T ) be a non-degenerate equivariant embedding of a homogeneous space L/L ′ of the first kind. Then the symbol S of the hyperplane system R L/L ′ on L/L ′ , satisfies the conditions (A1) and (A2) by Proposition 5.3. Let (G/G ′ , R S ) be the model system of type S constructed in Section 4.2.
Assume that there is a positive definite Hermitian inner product ( , ) on C(g ⊥ ) such that the kernel Ker ∂ * of the adjoint operator ∂ * of ∂ with respect to ( , ) is invariant under the action of G ′ . Let M be a complex submanifold of P(T ). Assume that the fundamental forms of M at the general points of M are isomorphic to the fundamental forms of L/L ′ at the base point. Then the hyperplane system R on M has type S. By Proposition 6.3(1), there is a normal G ′ reduction Q(R). Let c be the structure function of Q(R). Then Hc ∈ H 1 (g − , g ⊥ ). By the assumption that H 1 (g − , g ⊥ ) = 0, we have Hc = 0. By Proposition 6.3(3), R is locally isomorphic to the model system R S . By Proposition 5.5 R S is isomorphic to R L/L ′ . Therefore, M is projectively equivalent to an open subset of L/L ′ by Proposition 5.1.
